Using the new methodology introduced in a recent Letter [Phys. Rev. Lett. 123, 231104 (2019)], we present the details of the computation of the conservative dynamics of gravitationally interacting binary systems at the fifth post-Newtonian (5PN) level, together with its extension at the fifth-and-a-half post-Newtonian (5.5PN) level. We present also the sixth post-Newtonian (6PN) contribution to the third-post-Minkowskian (3PM) dynamics. Our strategy combines several theoretical formalisms: post-Newtonian, post-Minkowskian, multipolar-post-Minkowskian, gravitational self-force, effective one-body, and Delaunay averaging. We determine the full functional structure of the 5PN Hamiltonian (which involves 95 non-zero numerical coefficients), except for two undetermined coefficients proportional to the cube of the symmetric mass ratio, and to the fifth and sixth power of the gravitational constant, G. We present not only the 5PN-accurate, 3PM contribution to the scattering angle, but also its 6PN-accurate generalization. Both results agree with the corresponding truncations of the recent 3PM result of Bern et al. [Phys. Rev. Lett. 122, 201603 (2019)]. We also compute the 5PN-accurate, fourth-post-Minkowskian (4PM) contribution to the scattering angle, including its nonlocal contribution, thereby offering checks for future 4PM calculations. We point out a remarkable hidden simplicity of the gauge-invariant functional relation between the radial action and the effective-one-body energy and angular momentum.
I. INTRODUCTION
The main tool used up to now for the theoretical description of the general relativistic dynamics of a two-body system is the post-Newtonian (PN) formalism [1, 2] . It encodes the corrections to the Newtonian Hamiltonian due to the weak-field, slow-motion, and small-retardation interaction between the bodies, expressed as a power series in inverse powers of the speed of light c. The PN knowledge of the conservative dynamics must then be completed by an analytical description of the gravitational-wave emission and backreaction. The main tool currently used for the latter task is the (PN-matched [3] [4] [5] ) multipolar-post-Minkowskian (MPM) formalism [6] .
The present status of PN knowledge is the fourth post-Newtonian (4PN) accuracy, corresponding to O(1/c 8 ) fractional corrections to the Newtonian Hamiltonian. A conceptually (and technically) important new feature of the 4PN Hamiltonian is the presence of a non-localin-time interaction due to tail-transported large-timeseparation correlations [3] . The current direct perturbative computations of the 4PN-level reduced action [7] [8] [9] [10] [11] [12] [13] [14] have succeeded in tackling this time-non-locality issue in various ways. However, this variety of approaches, which included discrepant intermediate results [9] before complete agreement was reached, shows that straightforward perturbative PN computations have reached their limit of easily verifiable reliability This clearly implies that any n-PN computation, with n ≥ 5, is significantly more challenging than lower-order ones. Let us note in this respect that the recent 5PN-level works [15, 16] based on using the standard PN expansion have computed only the small, and non gauge-invariant, subset of "static" contri-butions to the 5PN Hamiltonian.
The present status of complete MPM knowledge of the gravitational-wave emission is the third-and-a-half post-Newtonian (3.5PN) level (see Ref. [2] for a review). The MPM formalism led to the discovery of (tail-transported) nonlocal dynamical correlations at the 4PN level [3] (later discussed within a different perspective in Refs. [17] [18] [19] ). When projected on the conservative (time-symmetric) dynamics the 4PN tail effects lead to a nonlocal action [7] [8] [9] [10] [11] [12] [13] . Here, we shall make use of the 5PN-accurate generalization of the latter tail-related action, first obtained by using results of the MPM formalism in section IXA of [20] , and recently discussed within a different perspective in Ref. [21] (see also [22] ). Note that the MPM formalism is used here both to discuss tail-transported correlations and to control the needed PN-corrected multipole moments.
In view of this situation, we have recently introduced [23] a new strategy for computing the conservative twobody dynamics to higher PN orders. This strategy combines information from different formalisms besides the PN and MPM ones, namely: gravitational Self Force (SF) theory (see, e.g., Ref. [24] for a recent review), post-Minkowskian (PM) theory (see, e.g., Ref. [25] [26] [27] [28] for latest achievements), effective one-body (EOB) theory [29, 30] , and Delaunay averaging [31] . The SF formalism has previously allowed the computation of several gaugeinvariant quantities (redshift factor, gyroscope precession angle, etc.) at very high PN orders, but its validity is limited to small values of the mass ratio between the bodies (and to the first order up to now). SF computations do not distinguish local from nonlocal parts of the various quantities, and give results that include both parts. The PM formalism is a weak-field expansion in powers of the gravitational constant G, which does not make any slow-motion assumption. An explicit spacetime metric associated with a two-body system was computed at the second postMinkowskian (2PM) approximation in the 80s [32] . The corresponding 2PM-accurate equations of motion (and scattering angle) were computed at the time [32] [33] [34] . A corresponding 2PM-accurate Hamiltonian was computed recently [25] (see also [35] ). A recent breakthrough work of Bern et al. [26, 28] has deduced a 3PM-accurate (O(G 3 )) scattering angle (and Hamiltonian) from a two-loop quantum scattering amplitude computation. No other complete 3PM calculation exists at present. As we explain below, one consequence of our new strategy is to allow for a 3PM-complete computation of the scattering angle at the PN accuracy at which we implement our method. We give here the details of our 5PN-accurate implementation, include its 5.5PN generalization, and will also mention the result of a recent 6PN extension of our method [36] . Our results provide a 6PN-level confirmation of the O(G 3 ) scattering angle of Refs. [26, 28] . A similar confirmation was independently recently obtained, within a different approach, in Ref. [37] .
Combining PN, SF, and PM information is efficiently done within the EOB formalism, which condenses any available analytical information (including nonlocal information) into a few gauge-fixed potentials. See, for example, the EOB formulation of the full (nonlocal) 4PN dynamics in Ref. [20] . We shall use below the EOB formalism as a convenient common language for extracting and comparing the gauge-invariant information contained in various other formalisms.
Here we detail the application of our new strategy to the 5PN level. Essentially, we complete the 5PN-accurate (tail-related) nonlocal part of the action by constructing a complementary 5PN-accurate local Hamiltonian. The latter local Hamiltonian is obtained, modulo two undetermined coefficients, by combining the result of a new SF computation to sixth order in eccentricity with a general result within EOB-PM theory concerning the massratio dependence of the scattering angle [38] . The transcription of the SF result into dynamical information is obtained by combining the first law of binary dynamics [39] [40] [41] with the EOB formalism.
In principle, our method can be extended to higher PN orders. We have recently been able to extend it to the next two PN levels, namely the 5.5PN and 6PN levels. We present below our computation of the 5.5PN Hamiltonian. Our results extend previous studies of 5.5PN effects [42] [43] [44] , and do not rely on SF computations but on the 5.5PN conservative action obtained in Ref. [20] . We leave to a future publication the details of the extension of our strategy to the 6PN level, and only cite its consequences at the G 3 order.
Note that, at each PN order, our strategy leaves undetermined a relatively small number of coefficients multiplying the cube of the symmetric mass ratio ν (defined below). [On the other hand, we can determine many other coefficients entering the Hamiltonian multiplied by higher powers of ν.] Computing these missing coefficients presents a challenge that must be tackled by a complementary method. However, we wish to stress that our present 5PN-accurate results (as well as their 5.5PN and 6PN extensions) are complete at the 3PM and 4PM levels. In other words, all the terms O(G 3 ) and O(G 4 ) in the Hamiltonian are fully derived by our method at the PN accuracy of its implementation. It is this property which allows us to probe the recent 3PM result of Refs. [26, 28] at the 6PN level, and to make predictions about the 4PM dynamics.
We denote the masses of the two bodies as m 1 and m 2 . We then define: the reduced mass of the system µ ≡ m 1 m 2 /(m 1 + m 2 ), the total mass M = m 1 + m 2 , and the symmetric mass ratio ν = m 1 m 2 (m 1 + m 2 ) 2 .
(1.1)
We use a mostly plus signature. Depending on the context we shall sometimes keep all G's and c's, and sometimes set them (especially c) to one. Beware also that it is often convenient to work with dimensionless rescaled quantities, such as radial distance, momenta, Hamiltonian, orbital frequency, etc.
To help the reader to follow the logic of our strategy, let us sketch the plan of our paper: Working in harmonic coordinates, we first compute the 5PN-accurate nonlocal part of the action 1 . We then consider an ellipticlike bound state motion and take the (Delaunay) time average of the associated nonlocal (harmonic-coordinates) Hamiltonian In this way we get a gauge invariant function of two orbital parameters. We use here as orbital parameters some harmonic-coordinates semi-latus rectum a h r and eccentricity e h t , but these are known functions of the energy and angular momentum.
Next, parametrizing with unknown coefficients the nonlocal part of the Hamiltonian expressed in EOBcoordinates (labelled with "e", instead of "h"), we compute the corresponding Delaunay average Identifying the two Delaunay averages (when using the 1PN-accurate relation between the harmonic-coordinates orbital parameters a h r , e h t and the corresponding EOB parameters a e r , e e t ) then determines the unknown coefficients used to parametrize the 5PN nonlocal part of the EOB Hamiltonian.
Having in hands the latter 5PN-accurate nonlocal part of the EOB Hamiltonian, we then determine the complementary 5PN-accurate local part of the EOB Hamiltonian. This is done by using SF information about smalleccentricity ellipticlike motions. Namely, we first compute the averaged redshift factor [46] to the sixth order in eccentricity. We had to generalize to the sixth order previous results that extended only to the fourth order in eccentricity [47, 48] . To relieve the tedium, we relegated some of our derivations and results to Appendices. We notably list in Appendix A the result of our SF computation of the (averaged) redshift factor along eccentric orbits in the Schwarzschild spacetime (accurate to the 9.5PN level), and its conversion into the EOB potential q 6 through the first law of eccentric binaries [41] .
This determines the sum of the local and the nonlocal EOB Hamiltonian, but only at the second order in the symmetric mass ratio ν. [Here, we are talking about the unrescaled Hamiltonian, such that the test-particle Hamiltonian is O(ν).] Subtracting the above-determined nonlocal EOB Hamiltonian determines the local part of the EOB Hamiltonian up to O(ν 2 ) included (corresponding to an O(ν) knowledge of the potentials entering the effective EOB Hamiltonian).
Ref. [38] has recently uncovered a simple property of the ν-dependence of the scattering angle for hyperbolic encounters. This property plays a crucial role in allowing us to complete the previously discussed O(ν 2 ) SF-based knowledge of the Hamiltonian, and to determine most of the O(ν n≥3 ) contributions to the Hamiltonian. In order to use the result of Ref. [38] (which concerns the structure of the total scattering angle χ tot = χ loc + χ nonloc ) two separate steps are needed. On the one hand, we need to compute the nonlocal contribution χ nonloc to the scattering angle by generalizing the technique used at 4PN in [49] . On the other hand, it is convenient, in order to separately compute the local contribution χ loc to the scattering angle, to convert the local EOB Hamiltonian, so far obtained in the standard p r -gauge [30] , into the so-called energy-gauge [25] . Indeed, the latter gauge is more convenient for discussing hyperboliclike scattering motions. The computation of the total scattering angle χ tot = χ loc + χ nonloc , together with the knowledge of the exact 2PM EOB Hamiltonian, then allows us to fix most of the parametrizing coefficients of the EOB potentials (actually all coefficients with two exceptions only:d ν 2 5 and a ν 2 6 , i.e., the O(ν 2 ) coefficients of the local potentials D and A at 5PN).
Besides the results just summarized (which constitute the core of the present work), let us highlight other new results obtained below as by-products of our computations:
1. We have evaluated the averaged value of the 5.5PN
Hamiltonian. It is entirely given by the (scaleindependent) second-order-in-tail nonlocal Hamiltonian H tail 2 , from which we have computed the half-PN-order coefficients A 6.5 ,D 5.5 , q 4,4.5 , q 6,3.5 , and q 8,2.5 . The last one, q 8,2.5 is new and a prediction for future SF calculations (see Section VI).
2.
We have shown how to use an (inverse) Abel transform to compute in closed-form the standard p rgauge version of the 2PM energy-gauge EOB potential q 2EG (see Appendix B).
3.
We have explicitly computed the local contribution to the 5PN radial action, as well as the corresponding local Delaunay Hamiltonian (i.e., the local Hamiltonian expressed in terms of action variables). We find that the radial action has a remarkably simple structure. See Section XIII.
II. THE 5PN-ACCURATE NONLOCAL ACTION AND ITS ASSOCIATED HAMILTONIAN
The complete, reduced two-body conservative action (S tot ) can be decomposed, at any given PN accuracy, by using the PN-matched [3] [4] [5] multipolar-post-Minkowskian (MPM) formalism [6] , in two separate pieces: a nonlocal-in-time part (S nonloc ) and a local-intime part (S loc ) ,
Here each action piece is a time-symmetric functional of the worldlines of the two bodies, say x 1 (s 1 ) and x 2 (s 2 ). The original total action S tot [x 1 (s 1 ), x 2 (s 2 )] (before approximating it at some PN accuracy) is defined as a PMexpanded Fokker action [50] . The PN-truncated nonlocal action S ≤nPN nonloc,f (which starts at the 4PN level [3, 7] ) is defined by using the MPM formalism. Its 5PN-accurate value was first obtained in Section IXA of Ref. [20] (based on the effective action used in Ref. [51] ). It was recently derived in a different (though related) way in Ref. [21] . [See also Refs. [39, 52] for the related 5PN logarithmic terms, and Ref. [22] for higher-order tail-related logarithms.]. From Eq. (9.12) of [20] , it reads
Here, M denotes the total ADM conserved mass-energy of the binary system, while F split 1PN (t, t ′ ) is the time-split version of the fractionally 1PN-accurate gravitationalwave energy flux emitted by the system, namely
ab (t)I 
where the superscript in parenthesis denotes repeated time-derivatives. The specific choice of the time scale 2r f 12 (t)/c entering the partie finie (Pf) operation used in the definition of the nonlocal action, Eq. (2.2) (whose integral over t ′ is logarithmically divergent when t ′ → t) will be discussed below.
The quantities I ab , I abc , J ab entering Eq. (2.3) are the MPM-derived Blanchet-Damour (1PN-accurate) mass and spin multipole moments defined by suitable integrals over the stress-energy tensor of the source [4] . Their (center-of-mass, harmonic coordinates) expressions for a binary system read (see Eqs. (3.32) and (3.33) of Ref. [53] )
5)
where the standard notations A ijk... = A i A j A k . . . for tensorial products, S (ij) = 1 2 (S ij +S ji ) for the symmetric part of a tensor, and S ij for the symmetric and tracefree part of a tensor have been used.
As stated above, Eq. (2.2) defines (for any choice of r f 12 ) an explicit functional of the two worldlines, and subtracting it from the (in principle PM-computable) total action S tot defines the corresponding local-in-time contribution S ≤5PN loc,f to the two-body dynamics. There is some flexibility in the choice of the time-scale 2r f 12 /c entering the partie finie (Pf) operation used in Eq. (2.2). Let us first point out that the meaning here of S loc (and its corresponding H loc ) differs from the one in Refs. [20, 49] , where the time-scale entering the partie-finie defining S nonloc was taken to be a fixed scale 2s/c. The explicit results of Ref. [20] show that, with such a choice, the 4PNaccurate local Hamiltonian H loc then includes several terms proportional to the logarithm ln(r 12 /s). Choosing as length scale s the radial distance r 12 between the two bodies has therefore the technical advantage of simplifying the local part of the Hamiltonian by removing all logarithms from it. At the 4PN level, a Newtonianaccurate definition of the radial distance r 12 is adequate. However, as we are now working at a higher PN accuracy we need to define the time-scale 2r f 12 /c with at least 1PN fractional accuracy. Let us emphasize that the choice of any precise definition of r f 12 is purely conventional, and will affect in no way the end results of our methodology. Indeed, the total action S ≤nPN loc,f + S ≤nPN nonloc,f will always be defined so as to be independent of the flexibility in the definition of r f 12 . Only the separation between S loc,f and S nonloc,f depends on this flexibility. Though it would be perfectly acceptable (and would lead, when consistently used, to the same final results) to use everywhere the harmonic-coordinate radial distance r h 12 as length scale, we shall show here that there are some technical advantages to employing a more general scale of the general form
is a combination of dynamical variables of the type
A convenient criterion for choosing the (5PN-level) flexibility parameter f (t) will be discussed below. It will imply, in particular, the fact that the dimensionless coefficients c 1 , c 2 , c 3 , . . . entering the definition of f (t) are proportional to the symmetric mass ratio ν.
It is convenient to rewrite S 4+5PN nonloc as 8) and to rewrite δH 4+5PN nonloc,f (t) as
Here F split (t, t) ≡ F GW (t) is the instantaneous gravitational-wave energy flux, so that the flexibility term ∆ f−h H(t) is a purely local additional contribution to δH nonloc,h . In the following, we will keep indicating by a label f or h nonlocal (or local) contributions that depend on choosing as partie-finie scale 2r f 12 /c or 2r h 12 /c. We now compute the time average of δH 4+5PN real,nonloc,h (t) along an elliptic-like bound-state motion, using its well known (harmonic coordinates) 1PN-accurate quasi-Keplerian parametrization [54] , i.e.,
The quasi-Keplerian parametrization of the orbit (needed at the 1PN level of accuracy for the purposes of the present paper) is summarized in Table II . The functional relations shown there are also valid at 1PN in Arnowitt-Deser-Misner (ADM) coordinates (which start differing only at 2PN from harmonic coordinates) and in EOB coordinates (with different numerical values of the orbital elements a r and e t ). See [55] for the 2PN generalization of the quasi-Keplerian parametrization. The temporal average is conveniently transformed as an integral over the azimuthal angle, namely Table II for the definition of the various orbital parameters). The result of the average is a gauge-invariant function (say F ) of a set of independent orbital parameters. The latter are chosen here to be the (harmonic-coordinates) semi-latus rectum a h r and eccentricity e h t , so that
The expansion in powers of e h t of the coefficients parametrizing F h (a h r , e h t ) are listed in Table I The functional dependence on the orbital parameters a h r and e h t could be replaced by a dependence on the gauge-invariant energy and angular momentum (see below).
Using the known transformation between harmonic and EOB coordinates [29, 30] We list the relations between the various harmoniccoordinate orbital parameters and the corresponding EOB-coordinates ones as functions of (rescaled) energy (Ē ≡ (H − M c 2 )/µ) and angular momentum (j ≡ J/(Gm 1 m 2 )) in Table III We recall the (universal) EOB link between the usual Hamiltonian and the effective one:
This is achieved (as at the 4PN level [20] ) by parametrizing a general squared effective EOB Hamiltonian (in standard p r -gauge [30] ) in terms of PN-expanded EOB potentials A(u),D(u) and Q(u, p r ) (where u ≡ GM/(c 2 r phys ) = η 2 /r, p r = ηp phys r /µ and p φ = j/η):
(2.21)
Here the notation δ refers to the looked-for additional 4+5PN nonlocal contribution, and we have written the right-hand side at the needed 1PN fractional accuracy. The general parametrization of δA(u), δD(u) and δQ(u, p r ) read , etc). Here n = 2π/P (with P the radial period) and K = Φ/2π (periastron advance) are gauge invariant, while the various eccentricity parameters, et, er and e φ , and the semi-latus rectum, ar, are coordinate-dependent; u denotes here the eccentric anomaly (not to be confused with the inverse radial variable largely used in the rest of the paper). We use here mass-rescaled radial variables: r ≡ r phys /(GM ), ar ≡ a phys r /(GM ). When doing explicit computations one needs to truncate the p r expansion of δQ to a finite order. The n-th order in p 2 r in δQ corresponds to the n-th order in e 2 when correspondingly computing the redshift δz 1 , as we shall do below.
Converting δH 2 eff into the usual Hamiltonian δH eob is straightforward,
as well as taking the Delaunay time average over the orbital motion. As before, the latter average is conveniently done in terms of an integral over the EOB azimuthal angle by using Hamilton's equations to express dt e in terms of dφ e along the orbit, i.e., Table IV . Note that the nonlocal 4PN coefficients listed here slightly differ from the corresponding 4PN coefficients, a II,c 5 , . . ., listed in Ref. [20] because the latter reference had used a fixed partie-finie scale s/c, and had thereby incorporated the effects linked to averaging
in the "local" parts of the (real and EOB) Hamiltonians. In this section, we shall use SF theory to compute the full, local-plus-nonlocal (rescaled effective) EOB Hamiltonian, at first order in ν. [The rescaled effective EOB
It is convenient to parametrize the full, local-plus-nonlocal dynamics in terms of the various potentials entering the general form ofĤ 2 eff in standard p r -gauge, namelŷ
The full knowledge ofĤ eff means the knowledge of the various potentials: A(u),D(u) and Q(u, p r ) = p 4 r q 4 (u) + p 6 r q 6 (u) + p 8 r q 8 (u) + p 10 r q 10 (u) + . . .. These potentials have all, at any given PN level, a polynomial structure in ν and they can be written in the form
etc. SF theory is an efficient tool for analytically computing (in principle, at any given PN order) the linearin-ν pieces of the above EOB potentials, i.e. a ν 1 (u) = 2u 3 + a 4 u 4 + . . .,d ν 1 (u), q ν 1 4 (u), etc. Indeed, the selfforce computation of the redshift invariant δz 1 [45, 46] of a particle moving along eccentric equatorial orbits in a perturbed Schwarzschild background, combined with the first law [39] [40] [41] , has already allowed one to compute the linear-in-ν pieces of most of the EOB potentials. More precisely, a ν 1 (u) is known from the redshift of a particle moving along a circular orbit, whereasd ν 1 (u), q ν 1 4 (u), q ν 1 6 (u) etc., are known from the averaged redshift invariant δz 1 of a particle moving along a (bound) eccentric orbit at successive orders in an expansion in powers of the eccentricity
1 , etc. The current self-force analytical knowledge of δz 1 is limited at order O(e 4 ). For the purpose of the present work it was necessary to extend this knowledge to O(e 6 ). We have used SF theory to compute high-PN expressions for δz e 6 1 , and correspondingly q ν 1 6 (u). We present in Appendix A our newly derived complete expression for δz e 6 1 up to 9.5PN as well as its transcription into the EOB potential q ν 1 6 (u). The known SF expressions for the other potentials can be found in the literature (see Refs. [42, 47, 48, 56] ). We list in Table  V the 4+5PN contributions to a ν 1 (u),d ν 1 (u), q ν 1 4 (u) and q ν 1 6 (u).
IV. OBTAINING THE 5PN-ACCURATE LOCAL EOB HAMILTONIAN AT LINEAR ORDER IN ν
In the previous Section we have used SF theory to derive the linear-in-ν local-plus-nonlocal EOB potentials. Subtracting from the latter local-plus-nonlocal potentials, the nonlocal part of the EOB potentials obtained in Sec. II above, allows us to write down the local part of the EOB potentials at the first order in ν (only). At this stage, the O(ν ≥ 2) contributions to the local EOB potentials are known only at 4PN, but not beyond. To clarify our knowledge so far, let us parametrize the ν dependence of a generic quantity X(ν) by the following notation
where
For example, the local part of the a potential at 5PN (i.e. ∝ u 6 ) will be written in the form
As indicated here, as we shall always use a flexibility parameter f (t) − 1 which is at least of order ν 1 , and as the corresponding contribution to the (unrescaled) Hamiltonian (2.11) involves an extra factor F split (t, t) = O(ν 2 ), the effect of the flexibility factor f (t) on (both) the local and nonlocal EOB potentials will start at order ν 2 (corresponding to O(ν 3 ) in the unrescaled Hamiltonian). Our SF computation thereby uniquely determines all the linear-in-ν contributions to the EOB potentials. Summarizing, the local EOB potentials at 4+5PN, obtained from our (MPM + SF) results so far, have the following form:
Here, we completed our previous O(ν) SF-based results by including the 4PN-level O(ν 2 ) terms previously derived in Ref. [20] . Note the remarkable fact that the 5PN-accurate local EOB Hamiltonian is logarithm free. Not only all the ln u terms have disappeared (as expected because they have been known for a long time to be linked to the time nonlocality), but even the various numerical logarithms ln 2, ln 3, . . ., as well as Euler's constant γ have all disappeared. Only rational numbers and π 2 ∼ ζ(2) enter this local Hamiltonian. The expressions above include still undetermined nonlinear-in-ν terms in the parametrized form indicated above, a 62 are already known and will be written below.] Note that at the 5PN level there is the further term in the Q potential
which is still undetermined from our SF computation (because of its limitation to the order O(e 6 )). On the other hand, there is no contribution in the local Hamiltonian of the type q 10 5PN,loc = q 10,1 (ν)u, because Q loc starts at order G 2 . Such a term can only enter the nonlocal part of the Hamiltonian, where it comes from the need to expand the nonlocal Hamiltonian as a formally infinite series of powers of p 2 r [20] . We are going to determine below most of the so far unknown nonlinear-in-ν coefficients by using information concerning the scattering angle for hyperbolic encounters. However, to do so it will be convenient to change the standard EOB p r gauge used above, into the so-called energy-gauge [25] .
V. THE 5PN LOCAL EOB HAMILTONIAN: FROM THE STANDARD pr-GAUGE TO THE ENERGY-GAUGE
In the previous section we have determined, at the linear-in-ν order, the 5PN local EOB Hamiltonian in the standard p r -gauge. We then incorporated the non-linearin-ν contributions to the various EOB potentials A,D and Q in a parametrized form (still in the standard p rgauge). Let us start from such a (local, p r -gauge) Hamiltonian, i.e.,
and
depending on the various unknown coefficients a (ν) 63 , and q (ν) 82 . Here, we did not put any explicit label f or h because the discussion of the present section applies to both cases.
Let us now show how to transform the above p r -gauge (local) EOB Hamiltonian, Eq. (5.1), into its energygauge form, i.e., into the following post-Schwarzschild (squared) effective Hamiltonian
where H S denotes the (rescaled) Schwarzschild Hamiltonian, i.e. the square root of
and where the energy-gauge Q term reads
Here, a term q nEG (γ)u n , being proportional to G n , describes the n-PM approximation. When working within some PN-approximation scheme, one can only determine a limited number of terms in the PN-expansion (corresponding to an expansion in powers of p 2 ∞ ≡ γ 2 − 1) of each separate energy-gauge coefficient q nEG (γ). We will discuss below which terms in the p 2 ∞ expansion of the various q nEG (γ)'s correspond to the 5PN level.
The PN expansions of all the energy-gauge coefficients q nEG (γ) are determined from the corresponding p r -gauge coefficients entering the Hamiltonian (notably the 5PNlevel ones a (ν) 62 and q (ν) 63 ) by computing the canonical transformation connecting the two gauges. The structure of this canonical transformation is Here we have factored out the term (r p r ) that corresponds to the identity transformation, and we have ordered g by means of the PN-counting paramer η = 1 c . In addition, we are using here rescaled coordinates, namely r = r phys /(GM ), p r = p phys r /µ, and j ≡ p φ = p phys φ /(GM µ). As a consequence, each factor p m r n beyond the first factor (r p r ) in the canonical transformation (5.7) has to be seen as containing a factor G n , and therefore to correspond to the n-PM approximation.
[When doing this counting, one must count each factor j = |r × p| as being ∼ rp ∝ G −1 , i.e. use the equivalence j r ∼ p ∼ p r .] In particular, we see that, in view of the overall prefactor 1 r 2 = GM r phys 2 , the whole canonical transformation g, Eq. (5.7), starts at the 2PM (G 2 ) level. Previous work has determined the canonical transformation g, Eq. (5.7), up to the 4PN level , i.e. O(η 8 ). The 2PN ( 3 2 η 4 ν) and 3PN (η 6 g i ) gauge parameters were derived in Ref. [25] , while the 4PN ones (η 8 h i ) were derived in Appendix A of Ref. [27] . We have extended this determination to the 5PN level, by imposing that the two (effective, squared) Hamiltonians (5.1) and (5.4) be equivalent (at 5PN accuracy), through this canonical transformation. The explicit expressions of the 5PN coefficients n i will be displayed later, in their final form, in Table IX , after we determine, using our strategy, all possible unknowns. However, as we discuss in the next section, the linear-in-ν results of the previous section suffice, at this stage, to uniquely determine the 3PM (G 3 ) energy-gauge coefficient q 3EG (γ; ν), and thereby to test the all-PN-orders 3PM result of [26, 28] .
VI. DETERMINATION OF THE 3PM DYNAMICS UP TO THE 5PN (AND 6PN) LEVELS
Let us show here how the linear-in-ν results of section IV suffice to determine the the 3PM (G 3 ) energy-gauge coefficient q 3EG (γ; ν), and thereby the 3PM scattering angle. This fact follows from three other facts. First, as explicitly shown in [49] , the nonlocal part of the Hamiltonian starts contributing to the scattering angle only at the 4PM (G 4 ) level. Second, as emphasized in Ref. [38] , thanks to the special ν-dependence of the scattering angle, the knowledge of the O(ν 1 ) contribution to the scattering angle suffices to know its exact-in-ν value. Third, the local PN-expanded canonical transformation g, Eq. (5.7), being, at each PN order, a polynomial in G cannot decrease the PM order of any contribution to the Hamiltonian. Putting these facts together we conclude that it suffices to determine the linear-in-ν and ≤ G 3 value of g to compute the exact-in-ν value of the 3PMlevel energy-gauge coefficient q 3EG (γ; ν), at the same PN accuracy at which we know the local linear-in-ν, p r -gauge Hamiltonian.
Before discussing the determination of the 3PM coefficient q 3EG (γ; ν) let us recall that the value of the 2PM coefficient q 2EG (γ) has been determined to all PN orders, i.e. as an exact function of γ = H S , in Ref. [25] . [It was then checked by other calculations [26, 35] .] It reads
We show in Appendix B how one can compute in closedform the result of transforming the energy-gauge 2PM
. This is achieved by using an Abel transform. Note that the knowledge of the exact Q 2PM will be crucial for the computation of the 5PN-level term q 82 p 8 r u 2 . Let us now come to the value of the 3PM coefficient q 3EG (γ, ν). The structure of the ν-dependence of q 3EG (γ) has been shown to depend on the knowledge of two functions of γ, A q3 (γ) and B q3 (γ), namely [26, 28, 38] 
Among the two functions of γ entering q 3EG (γ; ν), the B q3 function is exactly known to be
Concerning the value of the other 3PM-level function A q3 (γ) PN-based work previous to Ref. [23] had determined its 4PN-accurate value, namely
where the coefficient + 117 10 corresponds to the 4PN level, and where the further coefficients A 5PN , A 6PN , respectively parametrize the 5PN and 6PN contributions that we shall discuss next.
Only one line of work has so far been able to compute the exact value of the function A q3 (γ), and thereby of the 3PM coefficient q 3EG (γ; ν). Namely, the quantumamplitude-based computation of Bern et al. Refs. [26, 28] led to the following (partly conjectural) exact expression for the function A q3 (γ), 
The expansion in powers of γ 2 − 1 of A Bern q3 (describing its PN expansion) reads
Let us explain how the results presented in the previous sections allows us to compute the value of the 5PN coefficient A 5PN , and how the recent extension of our method [36] has also allowed us to compute the 6PN coefficient A 6PN . Comparing the effect of the canonical transformation g, Eq. (5.7), on the linear-in-ν local (p r -gauge) Hamiltonian given in section IV to the corresponding O(G 3 )truncated energy-gauge Hamiltonian (5.4), with
9) yields enough equations to determine the linear-in-ν values of the 5PN-level coefficients parametrizing the ≤ G 3 terms in Eq. (5.7). In view of the overall factor 1 r 2 ∝ G 2 in g, the only ≤ G 3 , 5PN coefficients are the n i 's with i = 4, 5, 6, 7, 8, 9, 10 . For instance, the value of n 4 is determined to be Recently, we have been able to extend our computation to the 6PN level by: (i) pushing the computation of the nonlocal action to the 6PN order; and (ii) pushing the SF redshift computation explained in section III to the eighth order in eccentricity. This has allowed us to extend the knowledge of the local Hamiltonian to the 6PN order (see below for the 5.5PN, purely nonlocal contribution). We will report our complete 6PN results somewhere else [36] . Let us here only cite the crucial new term allowing us to compute the 3PM-level, 6PN-accurate coefficient While we were preparing our work for publication, an effective-field-theory computation of Blümlein et al. [37] reported a different, independent (purely PN-based 3 ) derivation of the two coefficients (6.11), (6.13). Ref. [38] had tried to reconcile an apparent tension between the high-energy limit of the result of Refs. [26, 28] and the high-energy behavior of an older SF computation [57] by conjecturing another value of the function A q3 (γ), which has a softer high-energy behavior, and which starts to differ from Eq. (6.8) at the 6PN level. The latter conjecture is now disproved by the result (6.13). [See, however, Ref. [38] , for other conjectural possibilities for reconciling the results of Refs. [26, 28] and Ref. [57] .]
VII. NONLOCAL PART OF THE SCATTERING ANGLE
Ref. [38] has recently pointed out the existence of a restricted functional dependence of the scattering angle χ(γ, j; ν) on the symmetric mass ratio ν 4 . This generic constraint applies to the total (local-plus-nonlocal) scattering angle. In the present section we compute the nonlocal contribution, χ nonloc,f (γ, j; ν), to the scattering angle with sufficient accuracy to be able to fully exploit the structure pointed out in Ref. [38] . More precisely, when considering the large-j expansion of χ nonloc,f (γ, j; ν), namely (see [49] ),
(where we recall that p 2 ∞ ≡ γ 2 − 1) we shall see below that it is enough, for our present 5PN accuracy, to compute the coefficient A 0 (p ∞ ; ν) entering the leading order in 1/j. The difficulty, however, is to compute it at the 1PN fractional accuracy:
As will become clear the small expansion parameter 1 p∞j (which happens to be of Newtonian order ∼ η 0 ) is equivalent to the inverse of the Newtonian eccentricity.
In order to compute the nonlocal contribution, χ nonloc,f , to the scattering angle we extend the strategy used at the leading PN order in [49] . It was shown there that 
To this end we need to evaluate the flux-split, as given in Eq. (2.3), along hyperbolic orbits at the fractional 1PN order. We then need (as will be made clear below) to compute the first few terms of the expansion of W nonloc,f (γ, j; ν) in the large-j limit, corresponding to a large-eccentricity limit for the considered hyperbolic orbit.
In order to evaluate such a large-eccentricity limit, we start from the 1PN-accurate harmonic-coordinate quasi-Keplerian parametrization [54] of the hyperbolic motion, namely
where the orbital parametersn,ā r , e r , e t , e φ are the functions ofĒ = (E tot − M c 2 )/µ and j listed in Table  VI . As shown in Ref. [54] , the hyperbolic representation (7.8) is an analytic continuation of the corresponding ellipticlike quasi-Keplerian parametrization. It is then useful to change the integration variables t, t ′ entering the definition of W nonloc,f into the variables T = tanh v/2 and T ′ = tanh v ′ /2, where v and v ′ are the variables entering the quasi-Keplerian representation (7.8) . This operation maps the original inte- 1] . It also transforms the singular line t = t ′ into T = T ′ , together with a transformation of the constant cutoff |t ′ − t| = 2s/c implied by the Pf operation into a corresponding T -dependent cutoff (see below).
We succeeded in computing the large eccentricity limit of W flux split , at the leading order in eccentricity but including the fractional 1PN contribution. Both integrals 
in T ′ (with Pf) and in T can be performed exactly, within this limit. Note that during the various computational steps we take e r as fundamental eccentricity, and expand in powers of 1
where, for example,
Similarly, the expression for the integration measure dM (t,t ′ ) = dtdt ′ /|t − t ′ |, at 1PN, transformed in the variables T, T ′ is
at the leading order in a large-eccentricity expansion.
The (PN-expanded) transformed integrand dM (T,T ′ ) × F (T, T ′ ) is then written as
The original integral was singular at t = t ′ , i.e., along the bisecting line of the t − t ′ plane. This singularity line becomes the bisecting line in the plane T − T ′ , but endowed with a T −dependent slit (equivalent to a Pf scale 2f (T )s/c, where f (T ) is identified from the relation dT = f (T )dt). In the large eccentricity limit, one finds
In other words, the integration domain of the flux-split integral is divided into the following parts 15) where ǫ = 2s/c and
(7.16)
[One formally considers ǫ = 2s/c as being infinitesimal, before replacing it by a finite value at the end.] Further integration in T then gives
so that the first term in W nonloc,f is given by 
The meaning of this result will be further discussed in the next section.
VIII. USE AND DETERMINATION OF THE FLEXIBILITY FACTOR f (t)
The general rule uncovered in Ref. [38] restricts, at each PM order G n , the ν-dependence of the rescaled scattering angle χ n ≡ h n−1 χ n , where we recall the definition,
In the present case we are interested in the O(G 4 ) contribution χ 4 to the scattering angle. Let us then reexpress the result (7.23) in terms of the quantity χ 4 = h 3 χ 4 . We find
The general rule of Ref. [38] states, in this case, that the product (h 3 χ 4 )(γ, ν) should be (at most) linear in ν.
Taking into account the overall factor ν in χ nonloc,h 4 , we see that this is true, at the fractional 1PN accuracy (i.e., at 5PN) for the logarithmic contributions to χ nonloc,h 4 . However, the last term, ∝ 63 20 ν, in the expression of h 3 χ nonloc,h 4 corresponds to a 5PN-level contribution equal to
The latter contribution is quadratic in ν. However, the general rule of Ref. [38] applies to the total scattering angle, and therefore says that This allows to better separate the determinations of the local and nonlocal parts of the dynamics. We shall see below that this second route has several nice properties.
If we choose the f-route (as we shall do here), we need to determine the coefficients c 1 , c 2 , c 3 entering the 5PNrelevant flexibility factor f (t) = 1 + η 2 f 1 (t) + O(η 4 ), namely,
Here, we used the facts that h = 1 + O(η 2 ), and that we require
. It is not difficult to write the constraint on the coefficients c 1 , c 2 , c 3 implied by the equation (8.6) . Indeed, we can write
where (see Eq. (7.7))
Recalling that the leading-order GW flux reads (in terms of scaled variables, and henceforth using G = c = 1)
we have
(8.10) This integral should be evaluated at Newtonian order. Though, for our present purpose of compensating the term (8.6), we only need to compute the integral (8.10) to leading order in inverse eccentricity, let us give its exact value, as computed along a Newtonian orbit of squared effective energy γ 2 = 1 + p 2 ∞ and angular momentum j, with associated eccentricity e 2 ≡ 1+p 2 ∞ j 2 and associated Newtonianlike energyĒ ≡ 1 2 p 2 ∞ :
where The third flexibility parameter c 3 does not enter this constraint because it starts contributing to W at the ∝ ν 2 c3 j 4
level, corresponding to a term ∝ ν 2 c3 j 5 in χ. Such a flexed contribution is not needed at 5PN. The choice of the value of c 3 is free. We could simply take c 3 = 0. See below for the effect of choosing a non zero value of c 3 .
Eq. (8.15) yields only one constraint on the two flexibility parameters c 1 , c 2 . The numerically simplest solution of Eq. (8.15) (having the smallest denominators) would be c 1 = 39 2 ν, c 2 = −3ν. On the other hand, similarly to the choice of p r -gauge, or energy-gauge, for the EOB Hamiltonian, we could choose here, respectively, a flexibility factor f 1 containing either only p 2 r , namely The changes (8.22) have been written for a general flexibility factor of the form (8.5). Let us now apply these general results to the relevant case where the parameters c 1 , c 2 , c 3 satisfy the constraint (8.15) . We are going to see below that, when using the f-route, the 5PN-level value of the EOB coefficient q loc,f 44 is fully determined, and takes the value indicated in Table VII . We therefore conclude from the last Eq. Let us mention at this point that the formulation used in the published version of Ref. [23] contains an inconsistency related to the present discussion. Indeed, the value of the local Hamiltonian defined (in p r -gauge) by Eqs. (17) In the following, we assume that we define the nonlocal Hamiltonian by using a flexed Pf scale r f 12 = f (t)r h 12 , with a flexibility factor f (t) = 1 + η 2 f 1 (t) satisfying the constraint discussed in the previous section. This allows us to separately apply the constraints found in Ref. [38] to the scattering angle deriving from the corresponding local Hamiltonian, H loc,f . We are going to see that these constraints determine most of the nonlinear-in-ν contributions to H loc,f .
Let us start by recalling that, given any (local) Hamiltonian, the scattering angle of hyperboliclike motions is given by the integral (u = 1/r) [58]
where u max = u max (E, j) = 1/r min corresponds to the distance of closest approach of the two bodies, and where the radial momentum p r = p r (u; E, j) is obtained from writing the energy conservation at a given angular momentum. As j = J/(GM µ), the PM expansion of the scattering angle is an expansion in powers of 1/j ∝ G:
where we replaced γ = E eff by p ∞ ≡ E 2 eff − 1. The test-mass (Schwarzschild) limit χ Sch n corresponds to setting ν = 0.
With this notation, let us consider the function (which vanishes for ν = 0)
where h ≡ 1 + 2ν( E eff − 1). Ref. [38] has shown that T n must be a polynomial in ν of order (at most) d n = [ n−1 2 ], where [x] denotes the integer part of x: T n ∼ ν + ν 2 +. . .+ν dn . Therefore we have the following conditions C n :
Here, we shall apply these results at the 5PN level, using the 5PN expansion of h, namely, and, correspondingly, of T n :
(9.5) Our SF-based computation above has heretofore determined only the coefficients of the O(ν 1 ) terms in the (µrescaled) local Hamiltonian. The determination of most of the O(ν ≥2 ) coefficients in the local EOB Hamiltonian will now be obtained by first computing the PN expansion of the (local part of the conservative) scattering angle, χ loc (using in Eq. (9.1) a PN-expanded expression for p r ), and then computing the various T n 's at the 5PN accuracy.
From the condition C 2 we find q loc 62 = − where the O(ν 2 ) coefficientd ν 2 5 remains undetermined. Finally, from the condition C 6 we fix a ν 3 6 (and a ν 4 6 = 0) so that a loc 6 = − 1026301 1575 − 246367 3072 π 2 ν + a ν 2 6 ν 2 + 4ν 3 , (9.10) where the O(ν 2 ) coefficient a ν 2 6 remains undetermined. The additional condition C 7 (meaning that T 7 ∼ ν + ν 2 + ν 3 ) does not carry any new information.
Summarizing: The conditions C n [38] has allowed us to determine all the terms in the 5PN-accurate (gaugefixed) f -flexed local effective EOB Hamiltonian apart from the two O(ν 2 ) terms parametrized by a ν 2 6 andd ν 2 5 .
Having determined most of the coefficients parametrizing the local Hamiltonian we can write down the following (PN-expanded) values for the f -flexed local parts of the successive n-PM contributions, χ n , to the scattering angle (subtracted by their Schwarzschild values): The corresponding (5PN-accurate) Schwarzschild terms (ν = 0) are given by These results for the scattering angle provide a lot of new information that offers gauge-invariant checks for future independent computations of the dynamics of binary systems.
In particular, using the fact (explicitly proven in Ref. [49] ) that the nonlocal dynamics starts contributing to the scattering angle only at O(G 4 ), so that χ 3 = χ loc 3 + χ nonloc 3 = χ loc 3 , our result above for χ loc 3 actually describes the total 3PM-level scattering angle. Its explicit expression (when combining the test-mass and ν ≥1 piece, and adding our recent 6PN extension, embodied in Eq. (6.13)) reads
3)
In this expression the last term ∝ p 9 ∞ is the 6PN contribution to χ 3 . As already mentioned, this result is in agreement with the corresponding 6PN-level term in the PN expansion of the 3PM-level recent result of [26, 28] . It has also been recently obtained in Ref. [37] . Let us note in passing that all the rather complicated ν structure of χ 3 is actually described by the simple rule C 3 mentioned above (i.e. the linearity of T 3 , Eq. (9.3), in ν). Indeed, we have we have already given its explicit value in Eqs. (10.1) above. Let us also cite the much simpler expression of its rescaled version, which is linear in ν. Similarly to the rescaled version of χ 3 written above, it can be written as which exhibit the simple ∼ 1 + ν + ν 2 structure, and emphasize that the coefficients of the ν 2 are currently not fully determined, since they involve the O(ν 2 ) terms d ν 2 5 and a ν 2 6 .
XI. FINAL RESULTS FOR THE 5PN-ACCURATE f -ROUTE LOCAL EOB HAMILTONIAN
Let us gather the 5PN-accurate results (for the f-type local dynamics) obtained so far in the previous sections. They concern various forms of the local Hamiltonian: (i) the energy-gauge version of the local effective EOB Hamiltonian; (ii) the p r -gauge version of the local effective EOB Hamiltonian; (iii) the local real Hamiltonian; and (iv) the canonical transformation connecting the p rgauge to the energy-gauge. Before listing our results, let us recall again the link between the usual "real" Hamiltonian, H, and the dimensionless (µ-rescaled) effective EOB Hamiltonian H eff :
Note that we sometimes (as indicated here) add a subscript eob to the real, local Hamiltonian H loc when we wish to emphasize that it is expressed in terms of EOB canonical coordinates. But, numerically, H loc eob is equal to the usual (local) Hamiltonian, whose conserved value is equal to the total, c.m. conserved energy of the binary system (minus the nonlocal 4+5PN contribution linked to Eq. (2.2)).
A. 5PN-accurate f -flexed local effective EOB Hamiltonian in energy-gauge
We recall that the energy-gauge, squared effective EOB Hamiltonian is written aŝ
where the rescaled Schwarzschild Hamiltonian
and where the energygauge Q potential is written as
The exact value of the 2PM coefficient q 2EG (γ; ν) is given by Eq. (6.1) (where we recall that h(γ; ν) ≡ [1 + 2ν(γ − 1)] 1/2 ). The exact ν-dependence of the 3PM coefficient q 3EG (γ; ν) is described by
, (11.4) where the exact value of B q3 (γ) is given in Eq. (6.4), and where our new method has allowed us to compute the 6PN-accurate value of the function A q3 (γ), as given by Eqs. (6.5),(6.11), (6.13) . According to Refs. [26, 28] , the exact value of A q3 (γ), is given by Eqs. (6.6), (6.7). Less PN information is known about the higher PM coefficients q nEG (γ; ν), though the analog of the exact ν-structure displayed for n = 3 in Eq. (11.4) has been given in Ref. [38] . Here, we shall parametrize their PN expansions as follows
Here, the first term in q 4EG is at the 3PN level, the first term in q 5EG is at the 4PN level, and the first, and only, term in q 6EG is at the 5PN level. For completeness, let also display the 5PN (f -type local) real Hamiltonian as function of u, p r , and p 2 , where
Inserting the results of the previous subsection in the EOB energy map (11.1), one gets the following explicit (real) EOB Hamiltonian
2k,n ν n are listed in Table VIII. Let us recall once more that, modulo the only two undetermined coefficients a ν 2 6 andd ν 2 5 , the full 5PNaccurate dynamics has been determined here. It is given by adding to the local action defined by H ≤5PN loc the fflexed 4+5PN nonlocal one written down in Eqs. (2.10), (2.11) . We find remarkable that though the real local Hamiltonian finally involves 97 different numerical coefficients keying the various powers of u, p 2 , p 2 r and ν (as listed in Table VIII ), our combination of tools has allowed us to determine all these coefficients, except for two of them. To help vizualizing the structure of the 5PN Hamiltonian (encoded in the ν-dependent coefficients C (2l) 2k (ν)) we present the matrix of the non-zero numerical coefficients C
2k,n ν n in Fig. 1 We summarize in Fig. 2 the source of information having allowed us to determine each one of these 97 coefficients. Fig. 2 is a schematic version of Fig. 1 in which we do not distinguish p 2 from p 2 r , so that there seems to appear only 36 coefficients: the test-particle limit determines the ν 1 row; the 1SF computations determine the ν 2 row; the first two columns are respectively determined by the 1PM and 2PM exact EOB Hamiltonians; the ν ≥3 dependence of the next third and fourth columns (respectively corresponding to 3PM and 4PM) is completely determined by the EOB-PM result concerning the ν-polynomial structure of T n , Eq. (9.3). The latter result also determines the coefficients in the last two columns (5PM and 6PM) except for the two coefficients h ν 3 2 5 and h ν 3 0 6 .
D. Canonical transformation between the pr-gauge and the energy-gauge
Let us finally give the values of the parameters g i , h i , n i entering the generating function g(q, p), Eq. (5.7), of the canonical transformation connecting the p r -gauge and the energy-gauge f -flexed local Hamiltonians. If we denote the p r -gauge phase-space variables as (r, p r ) (with Hamiltonian H(r, p r )) and the energy-gauge ones as 
, we have H(r, p r ) = H ′ (r ′ , p ′ r ) with the following link between the phase-space variables (besides p φ = j = p ′ φ )
In Table IX we list the final form of the gauge parameters, necessary to pass from the standard EOB gauge to the energy gauge. . These contributions are keyed, on the horizontal axis, by powers of u = GM/r and squared momentum p 2 ∼ p 2 r , and, on the the vertical axis, by powers of ν ≡ m1m2/(m1 + m2) 2 . The checks indicate the coefficients determined in the present work. The question marks denote the only two missing coefficients. Note that even if certain coefficients in Table VIII only include terms up to O(ν 5 ), the identification p 2 ∼ p 2 r done in this schematic figure lumps terms together so that O(ν 6 ) terms arise in each column.
XII. 5.5PN-LEVEL ACTION AND ITS TRANSCRIPTION INTO THE EOB STANDARD GAUGE HAMILTONIAN
A somewhat surprising result of SF computations was the discovery [43] of half-integer-power PN contributions (starting at the 5.5PN level) to the near-zone metric and to the Hamiltonian. This was quickly understood [42] [43] [44] as coming from second-order tail (or tail-of-tail, or simply tail 2 ) effects. The conservative action term associated with such tail 2 effects was obtained in Ref. [20] (see Section IXB there, Eq. (9.19) ). It reads where the 5.5 PN Hamiltonian is given by the following nonlocal tail 2 expression
with B = − 107 105 . Similarly to the tail 1 effect discussed above, this action involves a time-split bilinear function of the multipole moments that is closely linked to the gravitational-wave flux, namely G split (t, t ′ ) = G 5c 5 I At the present 5.5PN accuracy, it is enough to use the leading-order version of the time-split function G split (t, t ′ ), obtained by keeping only the lowest-order quadrupolar contribution (neglecting higher multipole terms) with I ij ≈ µr ij evaluated at the Newtonian level.
In addition, we can also neglect the difference between M and M . An important conceptual point is that though Eqs. (12.1), (12.2), seem to define only the nonlocal part of the 5.5PN action, actually they give the complete 5.5PN action. Indeed, the usual PN-expanded way of computing the local part of the action (e.g. by integrating the nearzone Hamiltonian density, as in [8] ) cannot generate any half-integral PN contribution. In addition, the nonlocal action, Eqs. (12.1), (12.2) , has (contrary to the 4+5 PN one) no ultraviolet divergence at small τ = t ′ − t. This indicates the completeness of the 5.5PN action written above. Actually, the correctness of this action has been directly checked by satisfactorily comparing its predictions with SF computations (that automatically include all local and nonlocal effects), see [20] .
As before, we can use the Delaunay averaging technique to relate the 5.5PN Hamiltonian (12.2) to its EOB counterpart. The time-average of H 5.5PN was already considered in Ref. [20] and shown there to be expressible as where n phys = 2π/P phys is the (physical) orbital frequency, and where S quad
with I ij (p) denoting the Fourier coefficients of the quadrupole moment I ij (t).
Extending the results of Ref. [20] , we have computed (starting directly from the integral expression (12.2)) the orbital average of H 5.5PN to the 16th order in eccentricity, with the result: The last two terms will not be used below. [The first two terms in ϕ(e) were previously computed in Refs. [59, 60] .] Note that the rescaled functionφ(e) = ϕ(e) ( We can compute the orbital average of δĤ 2 eff (henceforth omitting the additional 5.5 PN subscript), by writing
where, at this leading order, we can use the Newtonian relations for r = r(φ) and p r =ṙ r = a r (1 − e 2 ) 1 + e cos(φ) , p r = e a r (1 − e 2 ) sin φ , (12.11) with the (rescaled) orbital frequency of the radial motion given by GM n phys = n = a The coefficients A 6.5 ,D 5.5 , q 4,4.5 and q 6,3.5 agree with previous results (both from Ref. [20] and from self-force computations). The last coefficient, q 8,2.5 , is instead new and constitutes a prediction for future self-force computations of the averaged redshift invariant at order O(e 8 ).
Note that the entire 5.5 PN action is linear in ν (and proportional to ν). Therefore, self-force computations at the 5.5 PN level allow one to compute exact, ν-dependent 5.5 PN observables.
In the present section, we have considered 5.5PN-level gauge-invariant quantities linked to ellipticlike motions. We shall leave to future work the 5.5PN contribution to the scattering angle implied by the action (12.1).
XIII. ACTION VARIABLES AND DELAUNAY HAMILTONIAN FOR THE (f -ROUTE) LOCAL EFFECTIVE 5PN DYNAMICS
We have derived above the 5PN-accurate local Hamiltonian (in its f-version), notably by making use of the special ν-dependent structure of the scattering angle [38] . The so-obtained local 5PN dynamics has been so far expressed within the EOB formalism, using two special gauges (p r -gauge and energy-gauge). As these gauges are uniquely fixed by their definitions, all our results above can be considered as being gauge-invariant. Our discussion above of the gauge-invariant scattering angle has, in particular, confirmed the fully gauge-fixed nature of the p r gauge. The same holds for the energy gauge (as shown in Refs. [25, 38] ). It is, however, interesting to complete our study of the 5PN local dynamics by discussing another gauge-invariant description of the dynamics, applicable to bound-state motions (rather than scattering motions), whose usefulness for relativistic gravity was first emphasized in Ref. [55] , namely the Delaunay Hamiltonian,
i.e., the Hamiltonian expressed in terms of the action variables I r = 1 2π p r dr,
Note that we work here with dimensionless scaled variables I r = I phys r /(GM µ), I φ = j = J/GM µ). Equivalently (modulo solving Eq. (13.27) with respect to I r ), one can consider the gauge-invariant functional link between the radial action I r and the energy and the angular momentum, say
As indicated here, we are going to see that great simplifications are reached if we use as energy variable the (scaled) effective EOB energy 4) which is related to the total local c.m. energy by the usual EOB energy map
We use the same notation γ as in our previous discussion of scattering states, but one must note that we are now going to consider bound states for which γ < 1. This implies that the above defined squared asymptotic EOB momentum p 2 ∞ , is now a negative quantity:
Before studying the precise structure of the gaugeinvariant function I r = I r (γ, j), let us recall how this function acts as a potential for deriving both the periastron advance (Φ) and the radial period (P ):
The factor h(γ; ν) ≡ [1+2ν(γ −1)] 1/2 in the last equation comes from the "redshift" factor dH/dH eff connecting the real-time period to the effective-time period [29] . We have computed the function I r (γ, j) associated with the f -route local 5PN-accurate Hamiltonian by using the technique explained in Ref. [55] (and used there at the 2PN level). We start from the local effective EOB (p r -gauge) Hamiltonian at 5PN (u, ν) = 1 + 6νu 2 +d 3 (ν)u 3 +d 4 (ν)u 4 +d 5 (ν)u 5 q 4 (u, ν) = q 42 (ν)u 2 + q 43 (ν)u 3 + q 44 (ν)u 4 q 6 (u, ν) = q 62 (ν)u 2 + q 63 (ν)u 3 q 8 (u, ν) = q 82 (ν)u 2 .
(13.9)
We then use the energy conservation law
to iteratively solve for the radial momentum p r as a function of γ, j and u = 1/r. This is done in a PN-expanded way, after restoring a place holder η = 1/c for PN orders, with the following PN orders:
Under this scaling the quantity
is fixed as η → 0, and describes the eccentricity of the limiting Newtonianlike dynamics. [ We are considering the case where 0 < −p 2 ∞ j 2 < 1, so that 0 < e 2 < 1.] Indeed, the PN-expanded value of the radial momentum has the structure
with leading-order contribution 14) and 1PN correction given by
The roots of the second-order polynomial p 2 ∞ +2u−u 2 j 2 , 16) are the Newtonianlike values associated with the periastron and apoastron passages. Following [55] , one can compute the PN-expansion of the radial integral
by taking the Hadamard partie finie of the resulting integrals. This leads to an explicit PN-expanded expression for the radial integral: (13.18) starting with the Newtonianlike value (k = 0):
We recall that we are here considering ellipticlike motions with γ 2 < 1. The function I r (γ, j; ν) exhibits a remarkably simple structure, which is the reflection of the simple ν-dependence of the PM-expanded scattering angle [38] .[The latter structure separately applies to the presently considered f-route local dynamics.] We can write the 5PN-accurate local I r (γ, j; ν) in the form
(13.20)
Here, each line does not correspond to a well-defined PN order, though the successive lines start at some minimum PN order which increases linearly with the power of j present in the denominators. On the first line the term −j can be considered to be of Newtonian order, while the second term is a function of γ (given below) which, when it is expanded in powers of γ − 1 = O(η 2 ), starts at the Newtonian order but then contains higher PN corrections of arbitrarily high PN orders. Similarly, the next line (proportional to 1/j) starts at 1PN order, but includes higher PN orders when expanded in powers of γ − 1 = O(η 2 ). Each extra power of 1/j 2 represents an extra PN order. The last term, ∝ 1/j 9 is 1/j 10 smaller than the first, Newtonian term −j, which corresponds (in view of the scaling j → j η ) to a relative factor η 10 , corresponding indeed to a 5PN accuracy.
There are several remarkable features in the structure (13.20) . First, the only j-independent term in this PN expansion (on the first line) starts at the Newtonian order and can be proven to be exactly given by the simple formula
Note that this is the analytic continuation (from γ > 1 to γ < 1) of the 1PM scattering coefficient χ 1 . Second, all the powers of j in the denominators are accompanied by the same power of h(γ; ν) ≡ [1 + 2ν(γ − 1)] 1/2 . This factoring absorbs most of the complicated ν-dependence of the PN-expanded I r to leave only the simple polynomial ν-dependence exhibited by the numerators. Indeed, these exhibit the simple rule that the numerator I 2n+1 corresponding to the denominator (hj) 2n+1 is a polynomial in ν of order n. [The latter rule follows from the rule about h n−1 χ n via the analytic continuation in γ allowing one to identify Φ(γ, j) with a suitably defined analytic continuation of χ(γ, j) + χ(γ, −j) [61] .] The last remarkably simple feature of the expansion (13.20) is that the ν → 0 limits of each numerator, i.e., the coefficients I S 2n+1 (γ) are very simple polynomial functions of γ, which are given by the following expressions 
25) where the integral is taken around the two roots of the cubic polynomial P 3 (u) = γ 2 − (1 − 2u)(1 + j 2 u 2 ) that are close to the Newtonian roots u ± used in our PNexpanded computation above. We see that I Sch r (γ, j) is a complete elliptic integral (i.e. a period of an elliptic curve), so that it can be written down explicitly, e.g., in terms of a combination of usual Legendre complete elliptic integrals (however, the third type of Legendre elliptic integral appears). The latter exact, elliptic-integral representation is rather complex, but it is relatively easy to compute both its PN expansion (i.e., its expansion in powers of η, see Eq. (13.11)), and its expansion in inverse powers of j. See Appendix C, which also includes a discussion of the simpler complete elliptic integral giving the test-mass periastron advance.
Finally, the primitive information (beyond the testmass limit) contained in the 5PN radial action I r (γ, j; ν) is fully described by the small number of γ-dependent coefficients of the various powers of ν in the numerators of Eq. (13.20) . These coefficients (contrary to their corresponding ν → 0 limits I S 2n+1 (γ)) are not known as exact functions of γ but only as limited expansions in powers of γ − 1 = O(η 2 ). For instance, I ν 1 3 (γ) is known to fractional 3PN accuracy, i.e. up to the third order in γ − 1. The PN knowledge of the higher terms I ν p 2n+1 (γ) linearly decreases as n increases, until the last terms I ν p 9 (γ) which are only known at the lowest (Newtonian) accuracy, i.e. only for γ = 1. The known information carried by all these I ν p 2n+1 (γ) is gathered in table X. By inverting the functional relation I r = I r ( E eff , j), one can finally obtain the explicit value of the corresponding (effective) Delaunay Hamiltonian, H eff (I r , j). This is conveniently done by defining the variables Table XI . Note, however, that the structure of this (effective) gauge-invariant Delaunay Hamiltonian is not particularly illuminating. The simple ν-structure exhibited by the radial action function (13.20) is lost in the Delaunay Hamiltonian (13.27) . Indeed, the hidden simplicity of the 5PN local dynamics is more transparent when encoding it either in the EOB potentials displayed above, or in the radial action (13.20) . Let us emphasize again that, given a specific gauge choice (say, p r gauge, or energy gauge), the corresponding EOB potentials are completely gauge-fixed, and can therefore be considered as being as gauge-invariantly defined as the more traditional gauge-invariant functions I r = I r (E, j; ν) or H(I r , j; ν).
XIV. CONCLUSIONS
We have shown how to successfully combine several different theoretical tools to develop a new methodology [23] for extending the analytical computation of the conservative two-body dynamics beyond the current post-Newtonian knowledge (4PN). Our approach has allowed us to derive an almost complete expression for the 5PNlevel action, given by the sum of a 4PN+5PN nonlocal action, Eq. (2.2), and of a local one pdq − H ≤5PN loc,f dt. We succeeded in determining the full functional structure of H ≤5PN loc,f (which contains 97 numerical coefficients), except for two (ν 3 -level) unknown coefficients (ν 2 -level in the EOB potentials A andD). The two main derivations underlying our new results are: (i) the computation of the Delaunay average of the nonlocal action around eccentric orbits to the tenth order in eccentricity included; (ii) the self-force computation of the redshift along eccentric orbits (around a Schwarzschild black hole) to sixth order in eccentricity.
We completed our results beyond the 5PN level in two different directions. On the one hand, we added the 5.5PN contribution to the action (which is purely nonlocal) and transcribed it into its EOB (p r -gauge) form up to the eight order in p r . On the other hand, we used a recent extension of our self-force computation to the eigth order in eccentricity to improve the determination of the third post-Minkowskian (O(G 3 )) part of the dynamics to the 6PN-level. This allowed us to compute the O(G 3 ) contribution to the scattering angle up to the 6PN-level included. Our 6PN-accurate O(G 3 ) scattering angle agrees with the recent third post-Minkowskian (O(G 3 )) result of Bern et al [26, 28] .
We computed both the nonlocal, and the local, contributions to the 5PN-accurate, O(G 4 ) scattering angle. As our 5PN (and 5.5PN) results are complete at the O(G 4 ) order, the latter result offers checks for future fourth post-Minkowskian calculations. We could conveniently separate the study of the nonlocal versus local contributions to the scattering angle by flexing (at the 5PN level) the scale 2r f 12 /c entering the definition of the nonlocal action.
We point out a remarkable hidden simplicity of the local 5PN dynamics. This hidden simplicity only manifests itself when using a gauge-invariant description of the dynamics. There are several (complementary) ways of viewing the (local) 5PN dynamics in a gauge-invariant fashion. One can use the EOB description, in one of its gauge-fixed versions (p r -gauge or energy-gauge). When comparing the EOB encoding of 5PN-level information (and ν-structure) to the (simplified) h n−1 χ n scattering encoding, one can see not only that they are one-to-one, but that the EOB encoding is as minimal as the h n−1 χ n one. [See, section X.] An alternative gauge-invariant approach is to focus on gauge-invariant observables. Two of them have a particularly interesting structure: the scattering function χ( E eff , j), and the radial action I r ( E eff , j). We have emphasized that the (f -flexed local) radial action (when expressed in terms of the EOB effective energy E eff and of the product hj, where h = E tot /M ) has a remarkably simple, see Eq. (13.20) , which parallels the simple structure of χ( E eff , j). This simplicity is, essentially, already automatically incorporated in the structure of the EOB Hamiltonian (see Table VII and Eq. (11.6) ). Let us also note that the local 5PN dynamics is completely logarithm-free, and that all its numerical coefficients are rational at PM orders G ≤3 , and include π 2 at PM orders G ≥4 . We have relegated most of the technical details of our computation to various Appendices. More precisely:
1. Appendix A displays our new self-force result on the time-averaged redshift z 1 at the sixth order in eccentricity, O(e 6 ), and its conversion into the corresponding EOB potential q 6 (u).
2. Appendix B shows how to obtain a closed-form expression for the 2PM Hamiltonian in the standard (p r ) EOB gauge by computing the (inverse) Abel transform of its corresponding (closed-form) energy-gauge expression.
3. Appendix C discusses the radial action, and the Delaunay Hamiltonian, for the test-mass limit.
Most of the coefficients entering long expressions, like the redshift invariant at the sixth order in eccentricity, have been given in the form of Tables. [They are available in electronic format upon request.].
Standard PN approaches to binary dynamics (in their various flavours: Hamiltonian, Lagrangian or effectivefield-theory) have reached their limits, in view of the complexity of the required computations, and of the subtle infrared issues linked to time nonlocality. Our work, which tackles nonlocality from the beginning, offers an alternative approach to standard computations, combining information from different contexts and using it in a synergetic way. It is therefore expected that it may lead to further progress in analytically controlling the dynamics of binary systems. It would be interesting to explore combining our new approach with the recently pioneered new approach to binary dynamics based on focussing on (classical or quantum) scattering motions [25, 26, 28, 35] .
The techniques we have been defining here can be extended to higher PN orders. We will separately present our complete, recent 6PN-level results [36] .
Two coefficients are still missing to have the complete 5PN Hamiltonian of a two-body system. Several routes for determining the two missing coefficients are conceivable, notably: second-order self-force computations; or partial standard PN computations of the 5PN dynamics targeted towards a selected mass dependence.
[The recent progress in computer-aided evaluation of the PN-expanded interaction potential of binary systems [14, 16, 37] gives hope that the two missing coefficients might be soon derived.] Also high-accuracy numerical simulations might enter the game. +b c 4.5 u 9/2 + (b c 5 + b ln 5 ln(u))u 5 + b c 5.5 u 11/2 +(b c 6 + b ln 6 ln(u) + b ln 2 6 ln 2 (u))u 6 +b c 6.5 u 13/2 + O(u 7 ) ,
with coefficients listed in Table XIV .
Appendix B: Transforming the energy-gauge 2PM Q term, q2EG(HS)u 2 , into its (closed-form) pr-gauge version via an Abel transform
In the energy-gauge, the 2PM EOB Q potential reads Q 2PM EG = q 2EG (γ)u 2 where γ = H S . We want to transform it in a p r -dependent one, say Q 2PM pr = q (pr ) 2 (p r )u 2 , that leads to the same scattering angle. Using Eq. (4.22) of [25] , this means that the two functions must yield the same integral 
The latter condition expresses the fact that the function q 2EG (c) is the (usual) Abel transform of the function q (pr) 2 (x)/ √ x. But the Abel transform (with inverse square root kernel) is just (in the sense of Marcel Riesz' integral operators) a derivative of order − 1 2 . Therefore the inverse transform (a derivative of order + 1 2 ) can simply be written as the composition of a derivative and an Abel transform. Hence, the following formula for the inverse of Eq. (B2) q (pr) 2
The function q 2EG (c) to be inserted in this formula is (after expressing γ in terms of c ≡ γ 2 − 1 in q 2EG (γ), Eq. (11.5))
with h(c) = 1 − 2ν + 2ν(1 + c) 1/2 .
One can first easily obtain the all-order PN expansion of the function q 
However, it is also possible to obtain a closed-form expression for the function q (B6) We introduce then the notation
so that
where we introduced J ≡ γr 1 dγ (5γ 2 − 1)γ (γ 2 r − γ 2 )(γ ν + γ) 
Here P 3 and Q 3 denote the cubic polynomials in γ entering the integrand of the integral J. At this stage it is already clear that the original integral I(x) is the sum of an elementary term and of an elliptic integral given by J. To get an explicit form of the elliptic integral J, we need to perform the Legendre reduction of J. This means writing the identity
and determining the coefficients d 0 and d 1 so as to reduce the integral dγQ 3 (γ)/ P 3 (γ) to an integral whose numerator is a polynomial of degree 1. Indeed, the choice
implies
that is
where C 1 = −3γ 2 r − 8 3 γ 2 ν + 1 ,
Therefore, the identity (B10) becomes
so that integrating both sides gives
where P 3 (1) = (γ 2 r − 1)(1 + γ ν ) .
This yields the following expression for J:
The remaining integrals are then explicitly expressible in terms of complete Legendre elliptic integrals, namely
where a = γ r , b = −γ r , c = −γ ν and
Here, we got I 1 from [63] , Eq. 6 pag. 254 sec. 3.131 and I 2 from [63], Eq. 5 pag. 255 sec. 3.132, using in the latter case (x − c) in the numerator of the integrand and simplifying the final result. The minus sign in I 2 corresponds to a general prefactor a/b which is −1 in the present case. Inserting the latter elliptic-integral representation of J in the above expression of I(x), and then inserting I(x) in Eq. (B3), finally gives a closed-form expression for the 2PM-level p r -gauge function q (pr ) 2 (x) (with x = p 2 r ). This exercise shows, however, that the energy-gauge expression of the 2PM dynamics, involving the algebraic function q 2EG (γ), Eq. (11.5), is drastically simpler than its p r -gauge retranscription.
Appendix C: Radial action and periastron advance in the test-mass limit
We recall the notations γ = E eff ,
The exact radial action in the test-mass (or Schwarzschild, or ν → 0) limit reads
where P 3 (u) is the following cubic polynomial in u = 1
Here, we are interested in ellipticlike motions with 0 < e 2 < 1, i.e., with −1 < p 2 ∞ j 2 < 0. The inequality |p|j < 1 does not a priori allow us (contrary to the scatteringmotion case) to straightforwardly use a PM expansion in powers of 1 j ∝ G at a fixed value of γ (or p ∞ ). The standard expansion technique for ellipticlike motions is the PN expansion. A useful way to formalize the PN expansion is to introduce a PN scaling, say with the bookkeeping parameter η introduced in the scaling relations (13.11) . The main geometrical effect of this scaling is to introduce a parametric separation between the two roots of the cubic polynomial P 3 (u) that are close to the roots,
of P 2 (u) = γ 2 − 1 + 2u − j 2 u 2 = p 2 ∞ + 2u − j 2 u 2 , (C6) and the third root of P 3 (u). It is easily seen that this is formally equivalent to introducing a related PN bookkeeping parameter, say ǫ, and to write P 3 (u) as P 3 (u) = p 2 ∞ + 2u − j 2 u 2 + ǫ (2j 2 u 3 ) .
One can then expand the radial integral (C3) in powers of ǫ, using the technique explained in Ref. [55] . From the general result given in Eqs. (3.8), (3.9) of Ref. [55] one can see that the PN expansion of the sum I S r +j defines, when considered at a fixed (negative) value of p 2 ∞ , an analytic function of the variable 1 j having an expansion in powers of 1 j of the form
We wish to algorithmically compute the coefficients I S 0 (γ), I S 2n+1 (γ) entering the Laurent expansion (C8).This expansion shows that, when keeping fixed p 2 ∞ (with p 2 ∞ < 0), one can analytically continue I S r (γ, j) down to 1 j → 0. In order to be able to use the integral definition (C3) of I S r (γ, j) in the limit 1 j → 0, one must (following the method of Sommerfeld used in Ref. [55] ) interpret the integral du as a contour integral in the complex u-plane, along a closed contour C circling around the two roots of P 3 (u) close to (C5). When 1 j → 0 the latter two roots become complex (because e ≈ ±i −p 2 ∞ j), and tend towards ±i √ −p 2 ∞ j . The important point is that, in this limit, these two roots tend towards zero, and therefore remain well separated from the third root which tends towards 1 2 (indeed the sum of the three roots of P 3 (u) is equal to 1 2 ). One can technically see the possibility of expanding the contour integral defining I S r (γ, j) in this limit by introducing the scaled integration variable y such that u = y j . In terms of this variable we have the contour integral I S r (γ, j) = j 2π C dy p 2 ∞ − y 2 + 2 j (y + y 3 ) y 2 (1 − 2 j y)
.
(C9)
As the contour C circles around the roots ±i √ −p 2 ∞ j of P ′ 2 (y) = p 2 ∞ − y 2 (while avoiding them), it is allowed to expand the integrand in powers of 1 j . The latter expansion leads to well-defined complex-contour integral expressions for the looked-for coefficients I S 0 (γ), I S 2n+1 (γ). One can then contract the complex contour C down to the (doubled) interval [−i −p 2 ∞ , +i −p 2 ∞ ] along the imaginary axis, and thereby reduce the integrals to real integrals in the variable x = y/(i −p 2 ∞ ). The latter real integrals on the interval x ∈ [−1, +1] can then be evaluated by using Hadamard's Partie finie [55] . Using this technique we computed the exact expressions of the test-mass coefficients I S 0 (γ), I S 2n+1 (γ) given in the text. Let us also note that Ref. [55] (see Eq. A.8 there) has explicitly computed the (simpler) complete elliptic integral giving the test-particle periastron advance K Sch = Φ Sch /(2π), i.e., the j derivative of I Sch r ( E eff , j). They expressed the result in the simplified form 
corresponds to the circular-orbit limit, and where the argument ξ is defined as
in terms of
HereẼ denotes
